The morphological evolution of strained films is of technological importance to microelectronics and nanotechnology. The morphological instability of a bilayer system is analyzed, consisting of an elastic film and an elastic substrate with a misfit strain on the coherent interface. A kinetic model is derived by considering the morphological fluctuations of different perturbation amplitudes along both the free surface and the interface and the coupling effect between the film and the substrate. The couplings include the misfit strain, surface/interface energy, and surface/interface diffusion, which determine the morphological instability of the system. A quadratic dispersion relationship is established for the growth rate of the longitudinal surface and interfacial perturbations along the free surface and the interface, respectively. The propagation of the surface perturbations is revealed from the free surface to the interface, and the characteristic frequencies are identified for the initiation of the morphological instability.
Introduction
Solid thin films have been extensively used in microelectronic and optoelectronic devices. It is known that the interfacial stresses between a thin film and a substrate can introduce an elastic field. To lower elastic energy, the film may evolve over time and form small islands by lattice diffusion, surface diffusion, grain boundary diffusion, and interface diffusion. The phenomenon of stress-induced surface instability of solids has recently received great attention because of its relevance to the morphological instability of flat surface and the formation of islands during heteroepitaxial growth of thin films. It is generally believed that localized stresses play an important role in controlling the evolution of surfaces and interfaces. Asaro and Tiller (1972) investigated the surface evolution of a two-dimensional semi-infinite elastic space subjected to a non-hydrostatic stress. Grinfel'd (1986) discussed the instability of the interface between a nonhydrostatically stressed elastic body and a melt. Spencer et al. (1993) investigated the stability of a vapor-film 0020-7683/$ -see front matter Ó 2007 Elsevier Ltd. All rights reserved. doi:10.1016 All rights reserved. doi:10. /j.ijsolstr.2007 interface and focused particularly upon the role of misfit strain in interfacial instability. Chiu and Gao (1993) studied the evolution of cycloid-type surfaces by obtaining a semi-analytical solution of the stress field in a stressed elastic half-space. Panat et al. (2005) considered the growth of surface undulations controlled by surface diffusion and lattice diffusion in a stressed solid. Spencer and Meiron (1994) analyzed nonlinear evolution of the stress-driven surface instability of a two-dimensional solid. Considering the effect of mechanical stresses on the morphological instability of a cylindrical surface, Colin et al. (1997) revisited the Nichols and Mullins work (1965) by introducing the effect of uniaxial tensile stress. Kirill et al. (1999) analyzed asymmetric surface evolution of a long cylinder. Yang (2006) studied the stress-induced surface instability of an elastic layer. Song et al. (2005) analyzed the stress-driven evolution of waviness in an elastic layer over a rigid cylindrical substrate by assuming frictionless contact between the elastic layer and the substrate. Yang and Song (2006) later revisited the stress-driven evolution of an elastic layer on a rigid cylindrical substrate by considering the effect of stick contact between the elastic layer and the substrate.
Considering multilayer structure, Sridhar et al. (1997a,b) examined the effect of misfit stress on the interfacial stability controlled by interfacial diffusion, in which they assumed the interfacial perturbations of the same amplitude with the same phase or the opposite phase. Junqua and Grilhé (1995) used the dislocation mechanics to analyze the interfacial instabilities of a layer confined by two semi-infinite solids from the energetic viewpoint, in which the interfacial perturbations had the same perturbation amplitude with the same phase or the opposite phase. Lu et al. (2004) discussed the effect of the substrate thickness on the interfacial stability in an epitaxially strained film deposited on a substrate. Huang and Desai (2003) investigated the stress-driven morphological instability of epitaxially growing multilayer films. Recently, Yang and Song (2005a,b) investigated the effect of electromechanical interaction on the stability of a planar surface. All of these analyses have provided valuable information on the dependence of the evolution of surfaces and interfaces on elastic stresses.
In general, it would be very difficult if not impossible to have the surface/interface perturbations of the same amplitude due to the effect of surface roughness. Under such a condition, there exist coupling and competition between the surface instability and the interface instability; and the final surface topology of surface coatings depends on the dominant mechanism controlling the evolution of the perturbations. The study of the coupling effect can determine the important parameters controlling the quality of surface coatings, such as the surface topology and the interfacial topology. However, there is little study on the effect of the interaction between a surface perturbation and an interfacial perturbation on the stress-driven morphological instability of a stressed elastic film, in which the perturbations have different amplitudes.
It is the purpose of this work to investigate the coupling effect between a free surface and an interface on the morphological instabilities of an elastic film deposited on an elastic substrate. In the analysis, two small sinusoidal fluctuations of different perturbation amplitudes are introduced; one along the free surface and the other along the interface between the film and the substrate. The evolution of the surface and the interface is controlled by the gradient of chemical potential associated with surface/interface energy and the stored strain energy. Surface and interface diffusion are considered as the dominant mechanism of mass transport in the characterization of the quasi-equilibrium surface and interface of the crystalline elastic layer. The linear perturbation analysis is used to derive the dispersion equation.
Problem formulation
Consider the morphological evolution of a stressed elastic layer of thickness, h 0 , which is deposited on an elastic half-space as shown in Fig. 1 . The system consists of two phases, solid and vapor, in a Cartesian coordinate system ðx; yÞ. The interface between the vapor and the film is taken as a free boundary described by y ¼ h 2 ðx; tÞ (h 2 ¼ h 0 at the perturbation-free state), and the interface between the film and the substrate as y ¼ h 1 ðx; tÞ (h 1 ¼ 0 at the perturbation-free state). The morphology of both the free surface and the interface is a function of time t. The film occupies the region, h 1 ðx; tÞ 6 y 6 h 2 ðx; tÞ, while the substrate occupies the region À1 < y < h 1 ðx; tÞ. The vapor lies in y > h 2 ðx; tÞ. A constant vapor pressure is maintained in the vapor phase. The interface between the elastic film and the substrate is coherent with a misfit strain along the horizontal direction of x as
where a f and a s are the lattice constants of the film and the substrate, respectively.
Since the characteristic time for atomic migration is much larger than that for elastic response, quasi-static equilibrium can be used to analyze the elastic deformation of the system at all time. The theory of linear elasticity is used in the analysis. The deformation behavior in both the elastic film and the substrate is assumed as the plane strain state. The equilibrium equations describing the deformation of the elastic film and the substrate are
where the repetition of an index denotes a summation with respect to that index over its range, r ij is the stress tensor, and the superscript and subscript (F, S) represent the film and the substrate, respectively. The relationship between the stress tensor and the strain tensor, e ij , in the plane strain is (Yang and Srolovitz, 1993) 
with e k zz ¼ 0, which gives
where E is Young's modulus and m the Poisson ratio. Note no summation is used in Eqs.
(3)-(6) on k. It is worth pointing out that the relationship between the stress tensor and the strain tensor in the film is different from that used by Leo and Sekerka (1989) and Spencer et al. (1993) , in which the effect of the misfit strain was integrated in the stress-strain relation of the film. The relations between the components of the displacement vector, u k i , and the components of the corresponding strain tensor are
The misfit strain at the interface between the film and the substrate gives
The coherent interface between the elastic film and the substrate requires 
where ½u misfit is the relative displacement on the interface due to the misfit strain, r misfit ij is the difference in the misfit stresses across the interface created by the misfit strain, and n i are the components of the unit vector normal to the interface. Eq. (9) is the same as the continuity of displacement used in the literature (Leo and Sekerka, 1989; Spencer et al., 1993) , if the misfit strain is integrated in the stress-strain relation of the elastic layer. The boundary conditions at the free surface are
In general, the activation energies for surface diffusion and interface diffusion are about half of that for lattice diffusion, which suggests that the surface diffusion and the interface diffusion will control atomic migration for the stress relaxation at relatively low homologous temperatures. It is thus reasonable to assume that the surface diffusion controls the evolution of the free surface and the interface diffusion controls the evolution of the interface. Following the approach given by Nichols and Mullins (1965) , one can express the growth rate of the free surface as
where l F is the chemical potential on the free surface, D F s is the surface diffusion coefficient, X F is the partial molar volume of atoms on the free surface, d F is the thickness of the surface diffusion layer, R is the gas constant, T is the absolute temperature, and r 2 s is the surface Laplacian operator. The growth rate of the film-substrate interface can be expressed as
where l FS is the chemical potential on the interface between the film and the substrate, D FS s is the interface diffusion coefficient along the interface, X FS is the partial molar volume of atoms on the film-substrate interface, and d FS is the thickness of the film-substrate interface diffusion layer.
For a stressed elastic material, the chemical potential on the free surface is given by (Asaro and Tiller, 1972; Grinfel'd, 1986) 
where l 0 is the chemical potential of a flat surface under the stress free condition, c F is the surface energy of the free surface, j F is the mean curvature of the free surface, DU F E is the elastic strain energy per unit volume on the free surface. The chemical potential on the interface is
where l FS 0 is the chemical potential of a flat interface under the stress free condition, c FS is the energy per unit area required to separate the two surfaces in contact, j FS is the mean curvature of the interface, ðDU S E À DU F E Þ is the difference of the elastic strain energies per unit volume on the interface. In contrast to the chemical potential used in the literature (Larche and Cahn, 1985; Leo and Sekerka, 1989; Junqua and Grilhé, 1995) , the strain energy from the coherence of the interface is included in the calculation of DU F E due to the use of Eqs. (3)-(5). One can recover the chemical potential used in the literature from Eq. (15) by integrating the strain due to the misfit strain in Eqs. (3)-(5).
The strain energy per unit volume in a plane strain state is
3. Elastic deformation of the bilayer structure
Reference stress state
The displacement field in the substrate under the completely relaxed state is
where the superscripts, 0, represents the reference stress state. The displacement field in the film subjected to a uniform misfit strain of Eq. (1) on the film-substrate interface is
which gives e F;0
x ¼ e 0 and e F;0
Thus, the stress field describing the reference stress state in the film is
where G F is the shear modulus of the film, and the stress field in the substrate is
Eqs. (18)-(21) represent the strain and stress fields due to the misfit strain on the interface without any external loading and surface/interface perturbation.
Deformation field to the first order of approximation
For two-dimensional stress analysis, introduce a potential function, U, satisfying
The relation between the potential function and the components of the stress tensor are
In the substrate, the general expression of the potential function, U S , is
in which A 1 and B 1 are two constants to be determined. In the film, the solution of Eq. (23) is
where A 2 , A 0 2 , B 2 , and B 0 2 are four constants to be determined. Now, consider morphological perturbation. On the free surface, a surface perturbation of sinusoidal form, h 2 ðx; tÞ ¼ h 0 þ d 2 ðtÞ cosðx 2 xÞ, is introduced. Here, d 2 ðtÞ is the amplitude of the perturbation with an initial value of d 2 ð0Þ ¼ b, and x 2 is the spatial frequency. Over the interface between the film and the substrate, there is an interfacial perturbation of h 1 ðx; tÞ ¼ d 1 ðtÞ cosðx 1 xÞ, in which d 1 ðtÞ is the amplitude of the perturbation with an initial value of d 1 ð0Þ ¼ a, and x 1 is the spatial frequency.
To determine the deformation in the bilayer structure introduced by the perturbations, a theory of linear perturbation is used. The field variables thus are expressed as where the superscript of 1 represents the solution of the first order of approximation. Using Eqs. (26)- (28), the boundary conditions of (8)-(11) can be linearized as
The general expressions of the stress components, the strain components and the displacement components are given in Appendix A.
Using the boundary conditions of (29)-(33) and the expressions of the strain components given in Appendix A, one obtains
where G S is the shear modulus of the substrate, q ¼ G F =G S , and b k ¼ 1 À 2m k . The parameters of K 1 , P 1 , K 2 , and P 2 are given in Appendix B.
The strain energy density on the free surface to the first order of approximation is
The difference of the strain energy density on the film-substrate interface to the first order of approximation is
4. Morphological evolution of the structure For the surface perturbation, h 2 ¼ h 0 þ d 2 cosðx 2 xÞ, the small slope approximation is used to calculate the mean surface curvature as
For the film-substrate interface perturbation, h 1 ¼ d 1 cosðx 1 xÞ, the small slope approximation gives
The chemical potential on the free surface of the elastic film is
and the chemical potential on the film-substrate interface is
Thus, the chemical potentials are a linear function of the perturbation amplitudes (d 1 and d 2 ). According to Eqs. (12) and (13), the morphological evolution of the elastic film depends on the interaction between the surface perturbation and the interfacial perturbation. This requires the use of numerical method in determining the critical spatial frequency for the zero growth rate. In the following, we only focus on relatively simple case, (40) and (41) into Eqs. (12) and (13) gives the dispersion equations describing the morphological evolution of the elastic film as
for the free surface, and
for the film-substrate interface. Here,
It should be pointed out that the frequency in the parameters of K 1 , K 2 , P 1 , and P 2 becomes x. Obviously, the morphological evolution of the elastic film depends on the competition among the external stresses, the surface energy, and the interfacial energy. The growth rates are a linear function of the perturbations. It is worth mentioning that Eqs. (42) and (43) are the general formulae, including two special cases with jd 1 j ¼ jd 2 j of the same phase and the opposite phase as discussed by Sridhar et al. (1997b) and Junqua and Grilhé (1995) . To analyze the opposite phase, one can add a negative sign to d 2 or d 1 . This will only change the sign of the corresponding coefficients in Eqs. (42) and (43). From Eqs. (42) and (43), the dispersion relation for the growth of the perturbations of the same phase can be written as
where d ¼ d 1 or d 2 and
The solution of Eq. (45) gives the growth behavior of the perturbations as
Here, C 1 ¼ ½ðc 11 À a 2 Þa þ c 12 b=ða 1 À a 2 Þ and C 2 ¼ À½ðc 11 À a 1 Þa þ c 12 b=ða 1 À a 2 Þ for d 1 , and C 1 ¼ ½c 21 a þ ðc 22 À a 2 Þb=ða 1 À a 2 Þ and C 2 ¼ À½c 21 a þ ðc 22 À a 1 Þb=ða 1 À a 2 Þ for d 2 . The parameters, a 1 and a 2 , are
Obviously, the growth rates of the perturbations depend on the elastic parameter of ðr F;0 xx Þ 2 h 0 =2G S c F , the ratio of the interfacial energy to the surface energy, the shear modulus ratio of the film to the substrate, and the ratio of the diffusion coefficients. It is worth pointing out that the amplitudes of the perturbations will oscillate as a function of time with the oscillatory frequency of jðc 11 þ c 22 Þ 2 þ 4ðc 21 c 12 À c 11 c 22 Þj 1=2 for ðc 11 þ c 22 Þ 2 þ 4ðc 21 c 12 À c 11 c 22 Þ < 0.
The critical perturbation frequency for the zero growth rate of the perturbations is then determined by the roots of the following two equations
In the following, consider several limiting cases.
Case 1. Free surface perturbation only at t ¼ 0, i.e., d 1 ð0Þ ¼ 0.
Consider the sinusoidal fluctuation being introduced only along the free surface. Eq. (42) reduces to
which is the same as the result given by Spencer et al. (1993) 
The perturbation propagates from the free surface to the interface and causes interfacial fluctuation on the filmsubstrate interface with the same order as on the free surface. It seems that this phenomenon has not been reported.
Case 2. Materials properties of the elastic film are the same as the substrate, i.e., q ¼ 1 and (42) and (43) reduce to
with D ¼ã 2 ½1 þ 2 sinhðxh 0 Þ coshðxh 0 Þ þ 2sinh 2 ðxh 0 Þ,ã ¼ 1 À 2m, andc ¼ 3 À 4m.
Case 3. Elastic half-space, h 0 ! 1:
For h 0 ! 1, the elastic film reduces to a half-space. There is no interaction for the morphological growth between the free surface and the interface. Thus, let a ¼ 0. Eq. (42) becomes
Here, which is in agreement with that given by Asaro and Tiller (1972) .
Case 4. Thin films with xh 0 ! 0:
For thin films with xh 0 ! 0, Eqs. (42) and (43) reduce to Fig. 3 . Effect of the elastic parameter on the critical frequency and the spatial frequency at the maximum growth rate: (a) the a 1 branch and (b) the a 2 branch.
Numerical calculation and discussion
In the above section, the dispersion equations for four limited cases of the morphological evolution have been discussed. To obtain more general results, numerical calculation is used to understand the effects of the elastic parameter ððr F;0 xx Þ 2 h 0 =2G S c F Þ, the ratio of elastic modulus (q), the ratio of the surface energy to the interfacial energy (f), and the ratio of diffusion coefficients (g). In the calculation, we use m 1 ¼ m 2 ¼ 1=3. Fig. 2 shows the effect of the spatial frequency on the functions (a 1 and a 2 ) for different values of the elastic parameter, ðr F;0 xx Þ 2 h 0 =2G S c F . The function a 1 increases with the increase of the spatial frequency and reaches the maximum, and then it deceases with the spatial frequency and becomes negative. Thus, there exists a critical frequency of x a 1 cr at which the growth rate controlled by a 1 is zero-any perturbation with x < x a 1 cr will lead to morphological instability. Also there is a frequency of x a 1 max at which the growth rate controlled by a 1 is maximum. In contrast, the function a 2 displays two critical frequencies, x a 2 cr 1 and x a 2 cr 2 (x a 2 cr 2 < x a 2 cr 1 ), while it has only one frequency of x a 2 max at which the growth rate controlled by a 2 is maximum. Any perturbation with x a 2 cr 2 < x < x a 2 cr 1 will introduce morphological instability. Therefore, the critical frequency for the zero growth rate is determined by the maximum root (maxðx a 1 cr ; x a 2 cr 2 Þ) of Eqs. (47) and (48). It should be mentioned that the dash lines in Fig. 2 represent the contribution only from the real part of a 1 or a 2 , since the imaginary part of a 1 and a 2 attributes to the oscillation in the amplitude of the perturbations. Fig. 3 depicts the dependence of the critical frequencies (x a 1 cr , x a 2 cr 1 , and x a 2 cr 2 Þ and the spatial frequencies for the maximum growth rate (x a 1 max and x a 2 max Þ on the elastic parameter ðr F;0 xx Þ 2 h 0 =2G S c F . For the a 1 branch, both the critical frequency and the spatial frequency for the maximum growth rate start at nil for r F;0 xx ¼ 0 (no mismatch strain), increase to local maximum, then decrease to local minimum, and finally increase with the elastic parameter. Such local oscillation corresponds to the oscillation in the amplitude of the perturbations as shown in Fig. 2 . For the a 2 branch, there exists a threshold mismatch stress, r F;0 xx th . When r F;0 xx < r F;0 xx th , the perturbation is suppressed. The morphological instability of the system is controlled by the branch a 1 . For r F;0 xx > r F;0 xx th , the critical frequency of x a 2 cr 1 increases with the increase in the elastic parameter, while the critical frequency of x a 2 cr 2 decreases with the elastic parameter and approaches zero. The spatial frequency for the maximum growth rate first decreases with the increase of the elastic parameter, reaches the minimum, and then increases with the elastic parameter. Comparing x a 2 cr 1 to x a 1 cr , one can easily find out that the effect of the elastic parameter on the morphological evolution of the system is generally controlled by the critical frequency of x a 1 cr from the a 1 branch under the simulation conditions. Fig. 4 . Effect of the modulus ratio on the critical frequencies and the spatial frequencies at the maximum growth rate.
The effect of the modulus ratio of qð¼ G F =G S Þ on both the critical frequency x cr and the spatial frequency at the maximum growth rate, x max , is depicted in Fig. 4 for the functions of a 1 and a 2 . Both the critical frequencies and the spatial frequencies at the maximum growth rate decreases with the modulus ratio. This indicates that, for the same thickness of the surface coating, the critical frequencies decreases with the decrease in the modulus of the substrate due to less confinement of the substrate to the motion of the surface film. Morphological instability will easily occur for the surface and interfacial perturbations with long wavelength, while the surface and interfacial perturbations with short wavelength can easily lead to the morphological growth of the surface film for stiffer substrate. For q < 1, x a 2 cr1 > x a 1 cr , and for q > 1, x a 2 cr1 approaches to x a 1 cr . Thus, any morphological perturbation with x < x a 2 cr1 will lead to morphological instability and the formation of surface islands over the substrate under the simulation conditions.
The effect of the ratio of the interface diffusivity to the surface diffusivity, gð¼ Fig. 5 . For the a 1 branch, the parameter g has only a little effect on both the critical frequency and the spatial frequency at the maximum growth rate, which decrease slightly and become independent of g. For the a 2 branch, the critical frequency, x a 2 cr1 , and the spatial frequency at the maximum growth rate decrease with the increases in the parameter g, while the critical frequency, x a 2 cr2 , is independent of the change in g. There exists a critical value of g cr (g cr ¼ 3:9 under the simulation conditions), at which x a 2 cr2 ¼ x a 1 cr . For 1 < g < g cr the growth behavior is determined by the a 2 branch, which is controlled by the competition between the surface diffusion and the interfacial diffusion. The mass transport along the interface dominates and controls the evolution of morphological perturbation. For g > g cr , the growth behavior is determined by the a 1 branch. The critical frequency determining the morphological instability is independent of the ratio of the interface diffusivity to the surface diffusivity. Fig. 6 shows the effect the ratio (f) of the surface energy to the interfacial energy on the critical frequencies and the spatial frequencies at the maximum growth rate. For the a 1 branch, there is only one critical frequency. Both the critical frequency and the spatial frequencies at the maximum growth rate increase with the increase in the ratio of f. For large ratio of the surface energy to the interfacial energy, the growth behavior of the a 1 branch is mainly determined by the surface energy. For the a 2 branch, there exist two critical frequencies x a 2 cr 1 and x a 2 cr 2 same as before. The critical frequency x a 2 cr 1 and the spatial frequency at the maximum growth rate decrease with the increase of the ratio f, while the critical frequency x a 2 cr 2 increases with the ratio. All of them converge to the same value at a threshold ratio of f cr . For f > f cr , the effect of the a 2 branch on the growth behavior of morphological perturbation vanishes. The morphological instability is simply determined by the growth behavior of the a 1 branch. For small ratio of the surface energy to the interfacial energy, the Fig. 5 . Effect of the ratio of the interface diffusivity to the surface diffusivity on the critical frequencies and the spatial frequencies at the maximum growth rate. growth behavior is likely determined by the a 2 branch as shown in Fig. 6 and the interfacial energy plays a major role in controlling the evolution of morphological perturbation. For large ratio of the surface energy to the interfacial energy, surface instability dominates for the surface film.
Conclusion
The morphological instability of a strained surface film deposited on a compliant substrate has been evaluated by developing a kinetic model and using a linear stability analysis. In contrast to conventional analysis, morphological fluctuations are introduced along both the free surface and the interface between the film and the substrate and the coupling effects between the coating and the substrate are analyzed. In the analysis, the surface diffusion and the interfacial diffusion are assumed to be the atomic transport mechanisms controlling the morphological evolution, and the elastic effects are incorporated in the calculation of the chemical potential. A new quadratic dispersion relationship for the growth rate of the longitudinal surface and interfacial perturbations along the free surface and the interface has been established, which is different from the classical Fig. 6 . Effect of the ratio of the surface energy to the interfacial energy on the critical frequency and the spatial frequency at the maximum growth rate: (a) the a 1 branch and (b) the a 2 branch. results. The propagation of the surface perturbations from the free surface to the interface is revealed. The morphological evolution is determined by two branches, a 1 and a 2 , and the morphological stability is governed by four dimensionless parameters, ðr F;0 xx Þ 2 h 0 =2G S c F , G F =G S , D FS s ðX FS Þ 2 d FS =D F s ðX F Þ 2 d F , and c FS =c F . Four limiting cases are discussed, which are in agreement with the results reported in the literature.
The morphological instability of the surface coating is illustrated by using numerical simulation. There exists only one critical frequency for the a 1 branch, while there are two critical frequencies for the a 2 branch. Morphological instability will occur for the fluctuations with x < maxðx a 1 cr ; x a 2 cr 2 Þ. In general, x a 2 cr 1 approaches x a 1 cr for larger elastic parameter of ðr F;0 xx Þ 2 h 0 =2G S c F , suggesting that the stored strain energy controls the morphological instability of the film when subjected to large mismatch strain. When the surface diffusion is much faster than the interface diffusion, the growth behavior is determined by the a 1 branch and the critical frequency becomes independent of the ratio of D FS s ðX FS Þ 2 d FS =D F s ðX F Þ 2 d F . For large ratio of the surface energy to the interfacial energy, surface instability dominates for the surface film. and the strain components to the first order of approximation as e 1;F xx ¼
x cosðxxÞ 2G F fA 2 x coshðxyÞ þ A 0 2 x sinhðxyÞ þ B 2 ½2ð1 À m F Þ coshðxyÞ þ xy sinhðxyÞ 
Here, A 2 , B 2 , A 0 2 , and B 0 2 are constants.
Appendix B
P 1 ¼ a S ðb S À qc S Þsinh 2 ðx 1 h 0 Þ þ a F ðb S À a S c S þ qb S c S Þ sinhðx 1 h 0 Þ coshðx 1 h 0 Þ þ ða F b S À a S x 1 h 0 Þ½ðb S À qc S Þx 1 h 0 þ a S a F À a S =q ðB1Þ K 1 ¼ a F ½ðb S b F þ qc S À a S x 2 h 0 Þ sinhðx 2 h 0 Þ þ ½a S a F À ðqc S À b S Þx 2 h 0 coshðx 2 h 0 Þ ðB2Þ K 2 ¼ a F ½qa S a F þ ð1 þ 2qb S À q 2 c S Þx 2 h 0 þ ðc F þ 2qb S b F þ q 2 c S Þ sinhðx 2 h 0 Þ coshðx 2 h 0 Þ þ 2qa S a F sinh 2 ðx 2 h 0 Þ ðB3Þ
